Abstract. In the theory of dynamical systems, the notion of ω-limit sets of points is classical. In this paper, the existence of limit functions on subsets of the underlying space is treated. It is shown that in the case of topologically mixing systems on appropriate metric spaces (X, d), the existence of at least one limit function on a compact subset A of X implies the existence of plenty of them on many supersets of A. On the other hand, such sets necessarily have to be small in various respects. The results for general discrete systems are applied in the case of Julia sets of rational functions and in particular in the case of the existence of Siegel disks.
Limit functions on small sets
Let (X, d) be a complete metric space and let f : X → X be continuous. If
denotes the n-th iterate of f and if L is an arbitrary subset of X we write Ω p (L, f ) for the collection of all functions g : L → X that are pointwise limits of some subsequence of (f •n ) n on L. Necessarily, such functions have to be of Baire class 1 (cf. [8, p. 192] ). Moreover, let K(X) := {E ⊂ X : E nonempty and compact} .
For E ∈ K(X), the set of continuous functions from E to X is denoted by C(E, X). We endow C(E, X) with the (complete) uniform metric
and define Ω u (E, f ) to be the set of all functions that are limits of some subsequence of (f •n ) n in C(E, X). We recall some definitions from topological dynamics. A continuous function f : X → X is called topologically transitive if for all nonempty open sets U, V in X, an integer n exists which satisfies f
•n (U ) ∩ V = ∅. If this holds true for all sufficiently large n, then f is called topologically mixing. Finally, f is said to be topologically weak-mixing, if f × f is topologically transitive on the product space X × X. For basic results on topological transitivity and topological (weak-) mixing we refer to [7] . In particular, if (X, d) is separable without isolated points, the Birkhoff transitivity theorem implies that f is topologically weak-mixing if and only if there is a pair (x 1 , x 2 ) ∈ X × X so that the orbit {(f × f )
•n (x 1 , x 2 ) : n ∈ N} is dense in X × X. Thus, f is topologically weak-mixing if and only if there is a
, that is, the set of limit functions on the 2-point-set L is maximal.
In [1] it is shown that, under certain conditions on the space X, topologically weak-mixing functions are universal on many small sets in the sense that the set of limit functions is maximal. In order to formulate the precise result, we introduce some further notations. We set
On K(X), the Hausdorff distance is defined by
Then (K(X), d H ) is known to be a complete metric space. Finally, we say that a property is satisfied for quasi all x ∈ X (or quasi everywhere) if it is satisfied for all x from a dense G δ subset of X.
With these notations, Akin ([1, Theorem 6.7 and 6.8]) has proved the following result.
Theorem A. Let (X, d) be a complete separable metric space without isolated points and f : X → X topologically weak-mixing. Then 
Our first result (and the following corollary) will show that, under certain conditions on the spaces X and Y , families with {f ×N ι : ι ∈ I} being topologically transitive for all N have "maximal" sets of limit functions on many, but possibly small, compact sets in X similar to those in the case of Theorem A. Theorem 1.1. Let X, Y 0 be complete metric spaces so that for a countable set 
We show that B k,m is open and dense in K(X) for every choice of k, m ∈ N. For that purpose, let k, m ∈ N, M ∈ K(X) be fixed and assume that ι ∈ I satisfies 
From this, one verifies that
In order to show the denseness of B k,m , let k, m ∈ N, K ∈ K(X), and ε > 0 be fixed. For each x ∈ X, let ε > δ x > 0 be such that d(h k (x), h k (x)) < 1/3m whenever d(x,x) < δ x . Then due to the compactness of K, there is a finite set
For every j, we may take a w j ∈ U j so that f ι (w j ) ∈ V j and, by the definition of V j , we find a corresponding
Together with the definition of the sets U j , we obtain
Since the δ x j are chosen to be less than ε, we have d H (M, K) < ε and since ε > 0 was arbitrary, this proves the denseness of B k,m in K(X). According to Baire's theorem, the set k,m∈N B k,m is a dense G δ set in K(X). Thus, it suffices to show that each E in this intersection has the claimed property. To this aim, let g ∈ C(E, Y ) and let ε > 0. We choose k, m so that 1/m < ε/3 and
as in Theorem 1.1 exists. Indeed, according to the Stone-Weierstrass theorem (see e.g. [18, p. 115] ), the polynomials in p (case K = R) or 2p (case K = C) real variables with rational (or Gaussian rational) coefficients form a countable set which is dense in C(E, K) for all compact E ⊂ X. Thus, the corresponding vector-valued functions constitute a sequence (h k ) as desired. From Theorem 1.1 we get
be continuous functions with the property that {f
Example 1.3. Let f ∈ C(R, C) be periodic and satisfy f (R) = Y . Furthermore, let X ⊂ R be a closed interval containing more than one point. For a sequence of real numbers (α n ) tending to ∞ we consider the functions f n : X → Y defined by
Then, for arbitrary open nonempty U ⊂ X, we have f n (U ) = Y for n sufficiently large, so that the assumptions of Corollary 1.2 are satisfied. Thus, {f n : n ∈ N} is dense in C(E, Y ) for quasi all E ∈ K(X).
For example, if we consider f (x) = sin(x) and f n (x) = sin(α n x), we obtain that {f n : n ∈ N} is dense in C(E, [−1, 1]) for quasi all E ∈ K(X). A further example is given by f (x) := e ix and f n (x) = e iα n x . Applying the above yields that {f n : n ∈ N} is dense in C(E, T) for quasi all E ∈ K(X), where T denotes the unit circle in C. 
n ∈ N} is topologically transitve for all N ∈ N. Therefore, Corollary 1.2 recovers the statement of Theorem A in the special case that X ⊂ K p for some p ∈ N.
We show how Corollary 1.2 can be further applied in dynamics. Let X ⊂ K p be closed and A ⊂ X compact. For H closed in C(A, X) and E ∈ K(X) we define
Theorem 1.5. Let X be a closed subset of K p without isolated points, and suppose that f : X → X is continuous and topologically mixing. If A ∈ K(X) and H
Proof. From the fact that f is topologically mixing, it is easily seen that every subsequence (f j := f
•n j ) j∈N of (f •n ) n∈N satisfies the conditions of Corollary 1.2 (with Y = X).
Moreover, as above, the Stone-Weierstrass theorem shows that the Fréchet space C(K p , K p ) endowed with the topology of locally uniform convergence is separable. Therefore, also the closed subset
. Then Tietze's extension theorem (see e.g. [19, Theorem 20.4] 
Since X has no isolated points, Corollary 1.2 implies that {f j : j ≥ j 0 } is dense in C(E, X) for quasi all E ∈ K(X) and all j 0 ∈ N. If g ∈ C H (E ∪ A, X) and ε > 0 are given, there is j ∈ N with 1/j < ε/2,
Theorem 1.5 shows that, under the corresponding conditions, the existence of at least one limit function on a set A implies the existence of plenty of them on many sets containing A. In the next section we will give an example where the set A is nontrivial.
In the opposite direction, the following result shows that sets with Ω p (L, f ) = ∅ have to be topologically small. Proof. For two elements x = y of X and d(x, y) = a we define U := U a/4 (x) and V := U a/4 (y). Assume that f
•n j → h is pointwise on L for some function h : L → X and some increasing sequence of positive integers (n j ). We have to show that L is of the first category.
Since f is mixing, we have that
are open and dense in X for every positive integer m. Baire's theorem implies that M :
If an (invariant) Borel measure on X exists, we can ask whether limit functions may appear on sets of positive or even full measure.
The following result shows that in the case of existence of a probability measure μ on the Borel sets of X so that f is (metrically) strong-mixing, pointwise limit functions exist only on sets of zero μ-measure. We recall that a measure-preserving transformation f : X → X is called (metrically) strong-mixing, if
for all Borel sets A, B. For further notions from ergodic theory we refer to [22] .
Theorem 1.7. Let X with |X| ≥ 2 be a metric space possessing a compact exhaustion and let μ be a Borel probability measure on X not being a Dirac measure. If f : X → X is continuous, μ-invariant and strong-mixing with respect to
Proof. Let a Borel set L of positive μ-measure be given and suppose that there exists a sequence (f •n j ) j∈N tending pointwise to some (Baire) function h on L. According to Egoroff's theorem, the convergence is uniform on a subset E of L again having positive μ-measure. The inner regularity of μ (see [16, Lemma A. 3.3] ) shows that E can be chosen to be compact. Thus, it suffices to show that Ω u (E, f ) = ∅ for all compact subsets E of X with μ(E) > 0.
Consider E to be compact in X with μ(E) > 0. 1. We show that for each h ∈ Ω u (E, f ) the image h(A) has full μ-measure for all closed subsets A of E with μ(A) > 0.
Indeed: Suppose that f •n j → h uniformly on E as j → ∞. Let A be a closed subset of E with positive measure. Then, for each δ > 0 there is a j δ so that
for all j ≥ j δ . From the strong-mixing property of f we obtain
Since μ(A) is positive, this implies μ(U δ (h(A))) = 1 and since δ > 0 was arbitrary, the continuity of μ from above implies
Moreover, the limit function h is continuous and therefore h(A) is compact in X and thus h(A) = h(A).
2. The compactness of E implies the existence of a point x ∈ E so that μ(E ∩ U δ (x)) > 0 for all positive δ. Let ε > 0 be so small that μ(U ε (h(x))) < 1 (such an ε exists since μ is not the Dirac measure at h(x)). Then there is a positive δ so that
we obtain the contradicting statement
Remark 1.8. If g : T → T is an irrational rotation, i.e., g(z) = αz (z ∈ T), where α ∈ T is not a root of unity, it is easily seen that h ∈ Ω u (E, g) for an arbitrary closed subset E of T if and only if h is of the form h(z) = βz for some β ∈ T. Thus, uniform limit functions exist on the full space X = T. Since irrational rotations are ergodic, this shows that the assertion of Theorem 1.7 no longer holds for ergodic mappings in general.
Even in the case of the mere existence of an invariant measure, there is a restriction on possible limit functions:
(h(L)). In particular, if μ has no point mass and h is constant, then μ(L) = 0.
Proof. As in the proof of Theorem 1.7, from Egoroff's theorem and the inner regularity of μ it follows that it is sufficient to prove the result for
for j sufficiently large. Thus
for j sufficiently large. Since δ > 0 was arbitrary, and since μ(U δ (h(E))) < ∞ (note that h(E) is compact and therefore U δ [h(E)] also), continuity from above shows
In the next section, we give applications in one-dimensional complex dynamics.
Applications in complex dynamics
Let f be an entire function, not a polynomial of degree 0 or 1. The Julia set J = J(f ) of f is defined as the set of all z ∈ C so that the iterates f
•n do not form a (spherically) normal family in any open neighborhood of z. For properties of the Julia set of an entire function we refer to the expository articles [3] and [20] . In particular, J is compact if f is a polynomial, and is closed and unbounded in C if f is transcendental. Moreover, J has no isolated points.
In the case of a polynomial f , it is well known that, for all relatively open sets 
This gives another proof of the theorem from [2] . In the case of rational functions, the Julia set has to be considered in the extended plane C ∞ := C ∪ {∞} which we endow with the chordal metric χ. Again, rational functions are topologically mixing on their Julia set (see e.g. [5, Theorem 3.2] , [14, Corollary 14.2] ) and the Julia set is perfect.
As a consequence of Theorem A, we obtain the following result similar to the theorem from [2] . 
In [2] it is shown that in the case of dynamics of entire functions f , pointwise limit functions only exist on sets that are topologically small. More precisely, if L is of the second category in the Julia set J = J(f ), then Ω p (L, f ) = ∅. For polynomials (and more generally for rational functions) this is now also a consequence of Proposition 1.6.
Our aim is to consider a typical situation in which Theorem 1.5 may be applied. Let f be a rational function with Julia set J in C and having a Siegel disk F with fixed point w 0 ∈ C ∞ and so that the boundary ∂F of F is a Jordan curve. Then each inverse Riemann mapping ϕ : D → F with ϕ(0) = w 0 ∈ F induces a homeomorphism (also called ϕ) from T to ∂F . Since ϕ : T → ∂F is a homeomorphism that conjugates f with g = g α , where g is an irrational rotation (see, e.g. [5, Theorem II 6.4] or [21, pp . 80]) we obtain from Remark 1.8 that h ∈ Ω u (E, f ) for some (and then all) E ∈ K(∂F ) if and only if
for some β ∈ T. Theorem 2.1 implies that quasi all E ∈ K(J) do not intersect ∂F in more than one point.
Denoting by H the set of all functions h of the above form (1), Theorem 1.5, applied with X = J and A = ∂F , shows that the following result holds.
Theorem 2.2. Let f be a rational function with Julia set in C and having a Siegel disk F with Jordan boundary ∂F . Then
We consider the situation from the measure-theoretic point of view. For each rational function f of degree at least 2 there exists a probability measure μ whose support is J so that f is μ-invariant and strong-mixing ( [6] , [11] ). In the case of a polynomial f , this measure coincides with the equilibrium measure ν of the Julia set (see [4] see also [15] ). From Theorem 1.7 we get
Remark 2.4. Again, let f be a rational function of degree at least 2. Even if ∞ is a fixed point belonging to the Fatou set, which implies that J is a compact subset of the plane with positive capacity and having the property that f is invariant with respect to the equilibrium measure ν of J (see [9, Theorem 1] ), the maximal entropy measure μ is different from the equilibrium measure ν unless f is a polynomial (see [10] , and [15] for an extension). In particular, if ∞ is a neutral fixed point, then the system (J, f, ν) is a factor of an irrational rotation of the circle, hence ergodic with respect to ν, and ν and μ are mutually singular (again, see [9, Theorem 1] ). In this case, the component F ∞ of the Fatou set containing ∞ is a Siegel disk (see [9, Theorem 1 and the corresponding proof] ).
We show that in the case of a Siegel disk with Jordan boundary, limit functions on sets of full ν-measure exist: Since the support of ν is in ∂F ∞ , ∂F ∞ has full ν-measure. We obtain from Theorem 2.2 that
for quasi all E ∈ K(J).
Since μ and ν are mutually singular, ∂F ∞ is a μ-null set. This shows that the behavior concerning limit functions appears fundamentally different depending on which underlying invariant measure is considered.
Remark 2.5. For the exponential function exp : C → C we have J(exp) = C. It is known that no absolutely continuous Radon measure μ on the Borel sets in C exists so that exp is μ-invariant (see [13, Theorem 1.3] ). In view of Proposition 1.9 it would be interesting to know if there is a constant limit function h on a set of positive planar Lebesgue measure. In any case, such a limit function h can take its value only in the postsingular set {exp
•n (0) : n ∈ N 0 }, as follows from [12] or [17] . As already mentioned above, in [2, Proposition 1] it is shown that (also) in the case of entire functions f , pointwise limit functions can only exist on sets of the first category in J. The proof of the result shows that g ≡ ∞ also cannot appear as a limit function on a set of the second category. On the other hand, g ≡ ∞ may be a limit function on sets of full planar Lebesgue measure, as for instance in the case of postcritically finite maps in the cosine family, where J = C and where the escaping set has full measure in the sense that the complement has measure zero (see, e.g. [20, Theorem 5.4 and p. 324]).
